ABSTRACT. We define the compound logarithmic function on simple connected region. As an application of such function, we point out a slight mistake of Hayman in his proof for logarithmic derivative theorem (Lemma 2.3, Page 36), in his book Meromorphic Functions, published in 1964. We modify his proof.
Introduction and main results
Suppose that D is a simple connected region in the complex plane, and f (z) is analytic and non-zero on D. Then f (D) := w : w = f (z), z ∈ D is a simple connected region and 0 / ∈ f (D). One of our main purposes in this paper is to give the expression of the analytic function log f (z) on D such that f (z) = e log f (z) .
For any complex number z = 0, put arg z := θ, θ ∈ [0, 2π), z = re iθ , r > 0. 
Ò Ø ÓÒ 1º
, and log f (z) = log |f (z)|.
Suppose f is a meromorphic function on the simple connected region D and has there zeros
. In his proof for the logarithm derivative theorem (see [1] ), Hayman said that, apply the operator (∂/∂x − i∂/∂y) to both sides of the equation log |f (z)| = . . . ,
Hayman makes a slight mistake here, because he neglects a fact that log |f (z)| may not necessarily have its conjugate harmonic function on the multiply con-
. To modify Hayman's proof, we prove the following Theorem 2 which is what Hayman wants in his proof (See [1] ). 
Ì ÓÖ Ñ 2º
(z) = 0, ∞ for |z| = ρ. Then, for any z ∈ D − {a u } N u=1 − {b v } M v=1 , f (z) f (z) = 1 2π 2π 0 log |f (ρe iφ )| · 2ρe iφ (ρe iφ − z) 2 dφ + M v=1 |b v | 2 − ρ 2 (z − b v )(ρ 2 − b v z) − N u=1 |a u | 2 − ρ 2 (z − a u )(ρ 2 − a u z) .
Lemmas and the proof of main theorems
the lemma is proved.
We denote this segmentation on L by
(II) e log z = z, and log z = log |z|.
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Then, by the Cauchy-Riemann's condition, it is evident that h is analytic on D, and h (z) = 1 z . Therefore
Then log z = log |z| + i arg + z or log |z| + i arg − z or log |z| + i(arg − z + 2π). 
where ∆ arg L j := arg
Then there exists integer number n such that
Combine (2), (3) and (4), e log z = z, and log z = log |z|.
Thus the lemma is proved.
THE COMPOUND LOGARITHMIC FUNCTION
We can see from (3) that 
This implies that
but only in the sense that both sides represent the same infinite set of complex numbers. If we want to compare a value on the left with a value on the right, then we merely assert that they differ by a multiple of 2πi. 
Suppose ϕ(z) is analytic and non-zero on the simple connected region D. Then Definition 4 implies that
but only in the sense that both sides represent the same infinite set of complex numbers. If we want to compare a value on the left with a value on the right, then we merely assert that they differ by a multiple of 2πi.
is analytic on D, and
(II) There exists a real constant α such that for any z ∈ D log f (z) = 1 2π
This gives (I). By Definition 1, we define log f (z) on D. Note that
THE COMPOUND LOGARITHMIC FUNCTION
Apply Poisson-Jensen formula to f ,
Then the real part of the analytic function F (z) := g(z) − log f (z) in D is zero. By the Cauchy-Riemann's condition, the imaginary part of F (z) is a constant. Then there exists a real constant α, such that F (z) ≡ iα, namely, log f (z) ≡ g(z) − iα. This gives (II).
P r o o f o f T h e o r e m 2. Put
Then F (z) is analytic and non-zero on D. Observe that , by Lemma 3(I),
The conclusion follows from this.
